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Considered is the question of possible simplification of the so-called
relations of elasticity in the theory of thin shells. It was thought that
the simplest version of such relations (often referred to as the first
approximation of Love’s theory) could lead only to such an error which is
of the order of O(h/R) (h and R are the thickness and the smallest of the
prineipal radii of curvature of the shell). In this connection an opinion
was expressed [ 1 ] that the simplest elasticity relations for shear
forces and twisting moments can lead to a more significant error. In the
helical shell example of [ 2] there are shown the essential defects of
the solution obtained on the basis of the simplest elasticity relations®,
These defects, apparently, are connected with the simplification of the
elasticity relations for shear forces and twisting moments. The simplest
elasticity relations for normal forces and bending moments were not
subjected to criticism; it appeared they should not contribute signific-
antly to errors.

The present work establishes that this is not quite so. Initially it
is shown how to obtain complete relations of elasticity on the basis of
the widely known results of Love, and there is derived a supplementary
(to the sixth’s equilibrium equation) algebraic equation relating the
shear forces with the twisting moments. Then it is determined which
simplifications of the complete elasticity relations are permissible for
a cylindrical shell. It is established with the example of such a shell
that the inclusion of the usually ignored quantities in the elasticity
relations for normal forces and bending moments can essentially affect
the solution of some problems.

* Reference | 2] came to the author’s attention after the present work
was completed for publication.
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Basic relations in thin-shell theory 769

The investigation carried out leads to the elasticity relations for
an arbitrary shell which are basically not unlike those given in [31.

1. Let us refer to the linear theory of thin shells with constant
thickness as presented by Love [4]. We will retain part of the notation
used in [4 ] and will change the remaining part for convenience. In the
first and third row below are shown notations used by Love, while in the
second and fourth row are given the corresponding notations of this

paper:
2h; a, B; A, B; u, v, w, o, T, €xxs Eyyy Cxut o]
hy o, dgy Ay, As Uq, Uy, Uy O, T, ey, €y, €pp N
Xx; Y‘Ur Xy? S17 S27 Gii H]? H27 ‘/'I, }-I; Z’y L,» M’
O1, G2, Oi12s Ti9y — Ty, My, — Myy, Myy; Py, Py, Py, My, M,

Correct (within the limits of linear theory) values of the components
of deformation at any point in the shell are determined by Formulas (30)
derived in Chapter 24 of [4]. The first hypothesis of Kirchhoff-Love
should be formulated as follows: in the three formulas for e;, e,, e,
mentioned above, one can neglect &, 7, {, i.e. in defining e;, e,, €;,
one may assume that the section of the normal to the middle surface of
the shell constrained between its outer surfaces remains straight in the
process of deformation, is normal to the middle surface and remains con-
stant in length. On the basis of this hypothesis, we have

£i T ¥y

& =1_7/F, (1.1

® 1 1 z ‘o ‘IZ')
- ——_— 1 LI 2
‘2T T ;7R T*z<l-z/H1 i 1~}—z/32>+1—z/lﬁ a, T

where i = 1, 2 as in the following. In the last formula (see [4],
Chapt. 24, Equations (11))
p! 2/ 7 ’ ’
g%'+'%;=:‘D§i'+-81§ﬁ'+‘82%%
Hence, neglecting quantities of higher order than the deformation of
the middle surface (see [ 4], Chapt. 24, Equations (21), (26)) we obtain

P e o
Ay Ay Ry
and consequently

1 1
elz:mi—Z/Rz‘—T*z(1—*—z/R1+1———Z/RZ) (1'2)
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770 V.M. Darevskii

Quantities €;, x;, @, r_ are determined from the displacement compo-
nents u;, u,, u, in the form (see [ 4], Chapt. 24, Equations (21), (26))

1 0wy ug ;. 04 us
PO N S =L M (1.3)
t A; da; AA, 0, R,
e B el Ptk ) e ()
YA, Oy Ai‘aai "R, A, \Ay_; o0, Ro ) Oo,_;
_ /12 a Ug Al _?_ “uy
@ = iﬁaTzl<A_2>+74_zaaz (A1> (1-5)
SO NI RIS N PR (L.6)
* Al O—Tﬂl A:z 6(12 H~2 A12/12 6&2 8a1 AlRl 8a1 )

Let us introduce the quantity r* = T+ @/R,. From the equalities
(1.5), (1.6) and one of Codazzi’'s formulas

_2_/A2>#ﬁ 1v6A2
6(11 (Rz - Rl 60(1

it is easy to establish that

S P 7 N PP L TR N
T A1A; da00, A A2 day dus Ay A2 day 0y | AyRpooy \Axs !
Ay 0 [uye
T das A7)

By means of simple transformations it is possible now to represent
the right-hand side of Formula (1.2) in a clearly invariant form relative
to the transposition of notations of the coordinate lines

. . Z’Rl . 2.',,’v ]{2 *< 1 e 1 )
612*(‘)(1"*1—:,/1{1*1*;/1{2) VEIT TR, 1—3 R,

or in a more convenient and also clearly invariant form for the follow-
ing

o 1—z/Ry 1—z/ Ry S T T
elzwm11—z/31+mgi—Z/’Rg—Tzh——Z/Rl 1—1/32,) (.7
where
L0 () 0
(01—?15&:\‘42/ ! 2_A2 dog \Ax.
(1.8)

L (w1 dyduy 1 Aoy
= A1r12 \60116@2 Ag 8011 (90.2 A1 6&2 6:11 )

and where w = @, + ,, as follows from Formula (5).

On the basis of the second Kirchhoff-Love hypothesis, stating that
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at any point in the shell the stress o; is considered negligible* com-
pared to the larger of the o, or o, stresses, and in view of Hooke's law
we have

L E
Si = 1—_—@(81 + ves—y), G2 = TA V) €12 (1.9

Substituting e; and e;, into (1.9) from Formulas (1.1) and (1.7) we

obtain

o]

_E g — 2%, & — %5 ;)
i—i—vz(i—z/Ri_'Fvi—z/Ra*.
1—z/R, 1—z/Ry

' 1.10)
E 1 1 (
O12 :2(1—1—\7){‘”11~z/31+®21——z/Rg_rz<1~z/Rl+1~z/R2)

The forces and moments per unit length are determined from the equal-
ities
/2h sh

T, — g ci<1— z )dz, Tigi= \ si,3_i(1_—Rz ) dz

‘;/2’1 3t ‘;)zh 3=t
o o | (1.11)
Mi = \ Gi (1 — Rz ) zdz, Mi,;;ﬁi = S Oi,3—i ('l - F—L) zdz
Y 3—i 3—1i
—n —inh ’

Substituting here in place of ¢; and ¢ the right-hand sides of

3 g
the equalities (1.10), we obtain : '

Eh Ti
Ti=1—5 (ﬁi +ves i — 128, (Xt — K1) (xi€i — h%i)]

Eh Ti
T’i,3_1’, == m—\T) {(1) + EE; (X‘L - X3——i) [th’ — 0; (Xl - X3—-’L)]} (1‘12)

EhR? Ti .
M, =— PRy—— [h (%s + vrgg) + B, (i —%ai) & —

i) (s

M, ;= —E#;—_\T){[z — (1 — X;j) (1 + B“i\):l[hf'—()(i‘—x:;—i) ;] +Xi(’)}

* It is understood, that we are excluding the case when the shell is
loaded on both outer surfaces by equally distributed normal forces,
which referred to the unit of the middle surface, have equal magni-
tude but opposite directions.
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where

B2 1+ 1y,
;== — = — 1 -— .1 _ M
=g Bmgre nElowthggy

whereby if R; = < (x; = 0), then y,/B; = - 1 since

g
v C_Bi-—g-gf——-... (1.13)
and consequently

FE—LHO@),  LEr/B=— 2814+ 0@)

and then Formulas (1.12) can be expressed in the form

T‘i == T2 Eh [81 + ve3i + 5 12 ( 'X.:;——i) (1 + 0 (Bi))()(isi — h%i)]

vz

Tisi = 5y 10— 15 06— 1) (1 0 (3) [Yh— 0 (s — %501}

- ﬁfﬁ—zﬁﬁ [h (i 4 Vrtg—i) — (%i — %a—i) (1 - O B)) & +

=T 0 ) (1 1) ] (1.14)

i/

Eh? 9 ; -
ﬁfi,s—i == Wm{{z e gqiu -+ O(Bt)) S

M=

X (1 ——X—;f” [T — (% — Ya—1) 0] - Xi(ﬂ}

Li

In Formulas (1.12) for T; 3—ir M; 3_ ; appears the expression hr -
(x; —X; - JJo; equal to hr* - y0. foerefore the quant.1t1es T.
are linear functions of the two quantities w and r*

i3~ 17
i,3—-1
The forces and moments per unit length are related by the conditions
of equilibrium of the shell (see [4 1, Chapt. 24, Equations (45) and
(46))

94, 8A, N,
o Ay it g ATsis + Tigs gy Tai g — iy (7 — P =0
=k 7
(1.15)
, T2
o ANy 4 g ANy -+ Aydy (G + 2 Py} =0 (1.16)
a4, 34,
'—__‘A3—'LM +6 AM3~11+]V[13~—10 ."“M3—1. o a; —A; A3_1(’\ - 1):0

1

(1.17)
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%?*%?*Tm"}"—rm:o (1-18)
The fulfilment of equality (1.18) is guaranteed by Formulas (1.11).
If one substitutes into (1.18) the quantities T,,, Ty, M}, My, from
(1.11) then, as is known, it will become an identity (the same will
apparently take place by using (1.12)). The second algebraic equality
relating Ti9: Tyys My4, My, must follow from the fact that these four
quantities are linear functions of the two quantities @ and r*.

Two independent algebraic equalities relating le, T“, M12, M21 can
be obtained as follows. We will replace in Formulas (1.12) for T12 and
7&1 the quantity o by the sum w; + w,, and we will consider them as &
system of equations relative to o, and @, (it 1s easy to see that its
determinant is positive for Rl # R2). Solving for @; and w, from the
system, we can substitute these expressions into Formulas (1.12) for M12
and M21. Thereby the terms containing r are eliminated and the two de-
sired equalities are obtained:

L Xl—xe[xz ﬁx_xz] S N (W R o 2
12{32 Xl 2 +Bl(1 2) }Tm—(Rl Rz) [BI+B2—12BIB2 (Xl'—xz)]Mm
) (1.19)
I R 1O e L L (R o (e A

N X—X% T2 1 N[ |, 12 YiYs .
g e g e e = (=) (B 4 B s e — o

These coincide only in the case when Rl = Rz.

Multiplying (1.19) by X,, (1.20) by X1. adding the results and divid-

ing out X, — X;, one obtains (1.18). Adding (1.19) and (1.20) we obtain,
after reduction by ¥, — Xx;

10— %) [ 202 7oy T P2 (14 T2) 1 A (143 7] =
= [:% + %% - 11;;;232 X — Xz)z] (Mo~ M) —h [% <1 + 2;—1) -+ %2- (1 —+ %)] (Ta1 — Tho)
(1.21)

This equality is fulfilled also when R1 = Rz' which can be seen
directly by using the corresponding formulas (1.12). If in (1.21)
T21 - T12 is replaced, in accordance with (1.18), by the expression
My R ' — M ,R™1, and if we limit ourselves only to the main terms (this
is equivalent to a replacement in (1.21) of y,/B,, ¥,/B, by ~1 and of
the le — M g-factor by —2; see above ), then instead of the exact
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equality (1.21) we will obtain the approximate equality*

R4 1
J|/121‘~:Mm:271 <}?:~—E> (712 + Ta1) (1.22)

Thus the equalities (1.18) and (1.21) (or the approximate equality
(1.22)) c¢an be considered as two independent algebraic equations always
relating Ty,, Ty, le, My, It follows from (1.21) and (1.18), as well
as from Formulas (1.12), that to each umbilic point of the shell’s sur-
face correspond equal values of the quantities Mlz' le and 1}2, Tyq
(Myy = Myyo Typ = Top)

Thus, on the basis of the Kirchhoff-love hypothesis, the components
e;, €4, €;5 of the shell deformation are determined by the quantities
€, €4, @, Wy, Ky, Ky, 7 which are expressed in terms of the displace-
ments u;, u,, U, in accordance with Formulas (1.3), (1.4), (1.8). Thereby,
the forces and moments per unit length (except N, and N,) are related
with the quantities €,, ¢,, ..., 7 by Formulas (1.12), while among them-
selves they are interrelated by five differential equations (1.15) to
(1.17) and two algebraic equations (1.18) and (1.21) (or by the approxi-
mate equation (1.22)).

An important question arises regarding the possibility of simplifying
the relations of elasticity (1.12). All existing versions of the theory
of shells based on the Kirchhoff-Love hypothesis are dependent on the
choice of certain approximate relations of elasticity. A rigorous solu-
tion of this question requires evaluation of relative discrepancies be-
tween the solutions (i.e. values of displacements and stresses) of an
arbitrary boundary-value problem in the theory of shells based on the
relations (1.12) and the simplified relations of elasticity. It is not
clear how such an evaluation can be made for a shell of arbitrary shape.
However, certain conclusions can be made referring to a cylindrical

shell.

2. For the cylindrical shell the equalities (1.15) to (1.17) without
loading terms, the relations of elasticity (1.12), and Formulas (1.3),
(1.4), (1.18) yield a system of three differential equations

* It differs from the "supplementary"” equation derived in [ 1], Equality
(1.22) is fulfilled exactly, if in the corresponding formulas (1.12)
only the main terms are considered, i.e. if it is assumed:

21 +wv) Ti,s—i = Bh{w —1/5 X, — Xs-—i) ht]
261 +v) M, 3= — ER*[2h7 4 40, — (3; ~ 2Xpq) @)
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leul + szuz —+ Ljaua =0 (7=1,2, 3) (2-1)

where ij(j, k=1, 2, 3) are the following operators forming a symmetric
matrix:

42 02 o
L]1;25?+(1—v)(1—1’)%§, L12:(1+V)8§0cp
3 93 a3 : 9%
L13:_2v6_§+2B6‘§3+(1_V)TW’ L21:(1+V)6§6(p
Ln=20 (1= (1430 oy, L= —240 +(B—VBsa  (2.2)
20 = 0@2 agg 1 ‘23 aq? agza(p .
9 & & 9 >
L31=—2v8—§+2B5—§3+(1—V)TM2, L32:_2%+(3_V)Ba§20q>

Loy = 2(4 — 1) — 41 55 + 2B 553 + [+ V) B— (1 — ) 7] 5550 — 2V sz

(R and Rop) are the coordinates in the axial and circumferential
directions; 8= f,, y = v,).
Let D be the determinant with the elements L.., and A;, the corre-

sponding minor of the Lj i element. The general solution® of the system
(2.1) can be defined by the equations

uy = Ay @, uy = — A @, ug = Agg®@

where ® is the general solution of equation D® = 0. In expanded form
this equation, reduced by the factor 4(1 — v)B8 and in which the components
o(f) are neglected in the coefficients, becomes

8 ’ — \ 08D %@
L = (1 +39) 555 + (4+ = 7B) 557 + 312+ @— VBl grig +

— 84 ) o8 P Ll00]
+ (44 T78) s+ (L + B+ 2v (1438 75 +
+ 312+ (1 —¥) (2 + V) Bl ggrggr + [2(4—) + (T — 5v)B] zgrger +
AL T 5 gy g 04D
2L B G BT — v+ (4—3v) Bl 3 +

+[2e—v + T i B G =0 (2.3)

* With the exception of pure elongation and torsion which are not con-
sidered here.



7176 V.M. Darevskii

Without the terms O(B) in the coefficients, the expression L,® has the
form

a8 . oM %D

05D .
Ll(D = A4(D 4 2v ags + 6 W e 2 (/i — 'V) W *'{" ‘a"q;h —

avD n 24D

(=37 5 22— V) g+ T (2.4)
; - 0&4 H 5&28([)2 ! a(P4 :

(A =% 95+ 5/ o)

The same equation (2.3) is obtained if in the relations of elasticity
(1.12), neglecting small quantities (see (1.13)), it is assumed that
y/B; = — 1 (which is equivalent to neglecting the quantities 0(B;) and
the last terms in the brackets in the expressions for M; and M 53,
i.e. if (1.12) are replaced by the following:

Ih \ 1
T; = i [Ei -+ veg_; + 1 (% — Na—i) (i1 — hui)}
. I 1 1
Ts, 5i = 2(1—;L-v) {,‘” + 15 (i — Ya—D? 01 — 75 (Xi — Aa—s) ’?'T}

% (2-5)
M= — 2=+ [A (i 4 vty i) — (Xi — Aa—i) &l

Fh?

My, 5= ‘M—(m—)[

2ht -} %055 — (Wi — 2a—i) @i

These formulas are essentially not different from the corresponding
formulas derived in [3 ]. Formulas (2.5) for T, ;_; and Mi,3— ; can be
written in the form

. Eh 1
1 i, 8—i — m ‘im -3 (Xi — Xg_i) (/L‘C* — Xi(l))]
EhR3
Mi, q—i — — m (2/117* — X‘,(l))

In the presence of the relations (2.5), the exact equation (1.18) and
the approximate equation (1.22) are valid. In place of (1.22) the follow-
ing equation is fulfilled exactly:

[+ 5 ()| o — Mag) = [ (e ) (Taa 4 T

(it is obtained from (1.21) if it is assumed that yi/B;=~1). The
change in the operators L, which occurs when the relations (1.12) are
replaced by Formulas (2.5) consists merely in that the quantity y is re-
placed by -8 (this does not disturb the symmetry of the matrix [|»ij I,
i.e. some coefficients of the L jk operators remain unchanged while others
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change by the amount o(f), which is negligibly small compared to the
values of these coefficients. The same happens to the operators by means
of which (through the function 9) are determined the displacements and
the internal force factors, and consequently similar insignificant changes
occur in the boundary conditions expressed by means of the function D.
Taking all this into account, and based on the fact that the indicated
small changes of the coefficients (of the order of o(53)) in the equation
for ® and in the boundary conditions expressed through @ lead only to
negligibly small changes of the function € itself, we conclude that for
the cylindrical shell one can always replace the relations of elasticity
(1.12) by the approximate relations (2.5) without essential error.

Further approximations of the relations (2.5) for the cylindrical
shell can lead in particular cases to significant errors in the solution,
as will be shown below.

3. Rejection of any (secondary) terms in Formulas (2.5) for T 3- 4
and M, . (here are considered the second and third terms in brackets
of these formulas) leads to a violation of the sixth equation of equi-
librium or to the appearance of stresses in the displacement of the shell
as a rigid body. Naturally, these defects can lead to substantial errors,
as was noted in [ 1 ]. Therefore, let us consider the more delicate
question regarding the possibility for simplifying Formulas (2.5) for T,
and M;. Let us refer to the following relations of elastlc1ty, which
differ from (2.5) only in the formulas for Tz and M i

................ (3.1)

If one accepts these relations, then in the equations (2.2), in addi-
tion to the replacement of y by -8 (which differs from y only by o(B))
there will occur a change in certain coefficients in a number of oper-
ators L. ik by the quantity O(8) (such changes can substantially affect &
see p. 784).

Indeed, we will have

Ly = —2v — (1 =B, Lo =201+ 8,0+ (1 —v) (1 = 33) 2
18 bl ag d«éacpg: —~22 8 i ( i 3) a«ég

a3 5. 0

Lyg=—29 - (3_yp-2__
23 O(P i Hdggdq) T ‘0(p3’

53
B S
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(matrix || Ly || remains symmetric).
Then, instead of Equations (2.3), (2.6) one obtains the following:
oD 3 . o8@ %D
L = (L4 38) 50 - [ 2 (98] s + 16+ 3(1 =) 8] g +
, 3 FO | o OO , #0
+ a4 5 (=B e + (4B G 16— 3 (L —)B) 5 +

18+ 3 (1 —)Bl gagea + 2(1 +B) ot + B (1 — ) (L + 39) G +

‘ 3 1 EX
a3 - et DG =0 G2
‘ E PO D
Lo® = MO + 6 e +8 gragga T2 5 T
; LD, PO | O
+(1—v2)315€i1—46§2—®)§+%4 (3.3)

In the case when the shell is acted upon by a normal pressure
g = q(&, ¢) we will have the following, instead of Equations (2.3), (3.2):

Li® =61+ v)Riq/WE (3.4)
Ly® =6 (1 +v) Rig/ P*E (3.5)
If one chooses g and the boundary conditions for the shell such that
in the solution of Equation (3.4), corresponding to this choice of the
boundary conditions, the term with the large parameter B~ would vanish,
it would then be natural to expect that a significant difference in

certain terms containing sixth and fourth derivatives in Equations (3.4),
(3.5) (see also (2.4), (3.2)) will substantially affect their solution.

In view of this, let us assume

q =3¢y (38 —6—v)cos2¢ (3.6)

Then the particular solution of Equation (3.4) will be

3,4y Rl E? 143y 3 ~
R T = AL B

RS 3 R 143 _
»’:%—(1 + 'V) hagﬂ gz Ccos 2(P -~ “g (1 *{" V)ﬁ@(ﬁg '"}— ilt’!> cOs 2([) (3 l)

(the small term with the S-multiplier on the right-hand side of Equation
(3.7) is attributed to the small terms in the L, operator coefficients
from (2.3); the reason for the retention of these small quantities is
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explained in the footnote*).

The following displacements, forces and moments per unit length cor-
respond to the particular solution (3.7):

ulzﬁ(i———ﬁ)}%gaosZ@, uzzﬁ(lmvz)}%f@?—-i-—%)sin&p
g = 12 (1 —v2) 2L (E2 — 1) cos 2¢ (3.8)

W , .
le{G(l——v)h—;j »147(1—\7)(7#\;)]3(]00052@
Tyy=—3(1—v)Rgiksin2g, M;=— Rqq[%),—v(3E2— 3 4 Y/v)] cos 2¢

. 1 /oM oM.
My =3(1—v) R Esin2p, Ny== <_a_§1_ + ;851) = B6Rq,% cos 2¢

Ty=Rgy(382—6 {-v)cos29, Ty =0 (3.9
My = — R%p,y (3 + 2v — 3&?) cos 2¢, My, = 3 (1 —v) Rt sin 29

‘OM a .
N, :%( 0(p~ + %} = Rg, (9 +v—6E¥sin2¢

Formulas (3.8), (3.9), with the exception of T, contain no small
terms which, compared to the included terms, are as small as h2/R? is
small compared to unity. But in the derivation of these formulas the
small terms were considered when the main terms were mutually eliminated.

The small term in T, is retained because it is of the same order of
magnitude as the remaining forces.

At the boundaries of the shell (for £ = t p = + I/2R, I is the
length of the shell) we obtain from (3.9)

* If in the definitions for w and €4 + ve, one considers only the usual
main terms in the operators A‘k' and only the main terms in Formula
(3.7), we will then obtain w = 0, €4 + vey; = 0, Retention of the small
term in Formula (3.7) significantly affects the value of Tz' Equation
(3.8) for T, is obtained with this term included. Even though T,
appears negligibly small compared to Tl' its change prevents fulfil~
ment of the equations of equilibrium. Therefore, in order to avoid
possible difficulties, the small quantities are retained in Equations
(2.3), (3.2), (3.7 and below in the equation for ®,.
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=60 —v) R A2, — ) (T 4 V)] Rygcos 29
Tye— M,y ) R=T6(1—v)Rqpsinle
M, = — R%, [/, — v (3p? — 3 + 1/v)] cos 2¢ (3.10)
Ny+ (1] R)Y(OMyy [ 0g) = -+ 12 (1 — v) Rqyp cos 2¢

Consequently, assuming the elasticity relations (2.5), then for the
cylindrical shell subjected to the pressure (3.6) and with the boundary
conditions (3.10), we obtain the displacements (3.8) and the forces and
moments per unit length (3.9). Thereby, the state of stress of the shell
is practically determined by the force T,, i.e. the stresses correspond-
ing to the forces T,,, N;, T,, T,;, N, and the moments M,, M,,, M,, My,
are neghglbly small cmared to the stress correspondmg to T,. This
stress is o, = Eh(e + vs2)/(1 -v?) = T, /h.

In passing we will show how for an arbitrary shell the stresses oy,
04, 0,9 can be éxpressed in terms of the forces Ti' Ti,3-i and the
moments M l{ 3= i if these forces and moments are determined from
(2.5). F'rom the first formula (1.10) and the first and third relation
(2.5) (if ¢ i+ K; are expressed in terms of Ti' ”i by means of these re-
lationg) for z = 1 h/2 we have

6M, T, T,
g e () O Gt )]+ — = [0 () + 0 (it ] +

. = 7

3

L
h

250 () 4 0 gl + ;j;“* [0 (1) + 0 (5]

Therefore, if Ti and Mi are determined according to (2.5), then these
stresses can be computed by the usual formula

g =T;/h+6M, /R
with a negligibly small error as compared with the largest stress 0, Ty
(for fixed a,, a, and z = t h/2),

Furthermore, inasmuch as z/R‘- <L 1, Formula (1.10) can be replaced by
the approximate equation

E z z
512 = 511w [m - 22T - (E - E) {01 — ﬁ)z)}

(the last term in brackets is retained for the case if w= 0, i.e.
@, = = @y}, Hence, for z= 1 h/2

E
Siz == 2 (1+'V) { + :f [(Xl - Xl) (0.)1 - (‘)'3) - QhT]}
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From this equation and

Eh 1
Ty Toy = Ldari—plP|lox7y @
12 nE= Ty “+v | 94 1+v

En?
1M —peMa = g o — %2) [0 — %a) (01 — ©2) — 2h7]

resulting from the second and the fourth formula in (2.5), it follows
that for z = I h/2

o Twp+Ty 6 MR- Moy Ryt
9= "3 BT R — Ryt

(for ?'12 = T9y» Mw =~M21 this formula becomes the ordinary formula for
Tro)e
12

Let us turn now to the relations (3.1) and Equation (3.5), where ¢ is
determined from (3.6). The particular solution of Equation (3.5) is

8(1—}‘\7),‘3 {i—{- {g 12(3*V)BJ(1+3)2}c052@z
z~g<1+);§g"( — ) cos 29— 5 (1 + ) B (8 + 277) cos 2

The following quantities correspond to the function ®;:

up = 6(1 —v) B cos 2, up=6(1— );g"(gz—i——-v)sm&p
we =12 (1 —v2) £ 90(g2 —1 — ¥jcos 2 (3.11)
:[6(1——vz)‘%:—}—%(l——v)('?—{—v)+v(3§2——v)JRqocos2q>
Ty = — 3RqE sin 2¢

M, = — Rg, [2 — (3&2 —3— 1L )cos2p, My=3(1—v)R%E sin 2¢
N, = 6Rq,k cos 2¢ (3.1)
Ty = (382 — 6 —v) Rg, cos 2¢, Tyy = — IvERg, sin 2¢

My = — R%q, (3 + 3/yv — 3E?) cos 2q, M = 3 (1 —v) R%E sin 29
Ny = (9 + 2v— 6E%) Ry, sin 2¢

In (3.11) and (3.12) there are no terms of the same order of magnitude
as in (3.8), (3.9). Quantities u,, Myy, Ny, Ty, My, and the main part of
T, are unchanged. For E t p we will agam have the fourth equation
(3 10), while the remaining equations (3.10) are replaced by the follow-
ing:



782 V.M. Darevskiti

P . R4 - ) . ’
Ty= 61— g5 + 5 (1 =) (7 + ) + v (362 —v) | Rgy cos 29

70— {%@ = 3(2—v) Rgyosin2¢, M;=—R3, [2 —y (392—3_ —;-)]COSZCP

In order to obtain a solution of Equation (3.5) which corresponds to
Ty, Tygo Ny, My, My, according to Formulas (3.1), satisfying all condi-
tions of (3.1), we add to @, a correspondingly chosen solution ®, of the
homogeneous equation (3.2). The function @, can be expressed in the form

@, = (Ajcosn kE cos kg |- Bysinn KE sin kE 4 Ajcosnk\§ cos ko -
4 Basinn k1 & sin kpE) cos2¢ (3.13)

Here*

kan, k=(V3/w)(+324), k~¥3/%1—3/2x%
(x4 =3(1 — v} R*/R)

and the constants A,, A,, B;, B, must be chosen such that Ty, Tyy, Ny,
My, M, (quantit:,ies corresponding to ®, which will be denoted by T,9,
T;,% ....) satisfy the conditions

T° = v(v— 3p% Rq, cos 2¢, M = R2q, (v —1/g) cos 2¢

3.14
T1°— My° | R = -+ 3vRqpsin2p, N;° 4 (1/R)oMyy° ¢ =0 (5-14)

for £ = tp.

Neglecting quantities of the order of h/R as compared to unity one
can, for example, write the equations for Tlo and Ml0 as

* Small terms by which differ k, and k, are retained because they
significantly affect some derivatives of cosh k& cos k2rf and
cosh k,& sin k,{ used in forming Equation (3.15). For example
(cosh k& cos k&) = ky sinh k€ cos k& — ky cosh k€ sin kyé =
6 4E(3— ¢%) while, if it is assumed that k; = k, = kg =/ 3/K,
then g;gsh ko cos ky&)' = ko(sinh ko€ cos kol — cosh k¢ sin ko) =
— 6K,
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o E 8 ) .
Tl = —2(1. —V)—}TW [(Alcoshkg COSkE"*—Blsmth Slnk& +
+ Agcosn & €08 kot - Bysinh k) € sin k,E) cos 2¢]

M,°=— E(TE}:)-EZ {ag‘* [(Aqcosh KE cos kE - Bysimn k€ sin k&) cos 2¢] +

B
+v <’9T>6 + ani> (Ay k& cos kyE cos 2¢) + [v (556 + 6—qﬁ> +
8 5 .
+ (14 29) g5 + ¥ (2 o+ ) gpogen | (Basian g sin kaf cos 2q))}

and similarly simple expressions for leo, Nlo, Muo. On the basis of
these expressions conditions (3.14) become
biA; — ayBy 4 a3 Ay — by By = 178
b Ay — ay By —ay Ay — by’ By = cou™8
by Ay —aBy+ agAy — by By = cgn7
b/Ay —ayB,—a Ay —by’By, =0

(3.15)

where*
ay =-coshkp cos kp, a," ==sinh kp €08 kp —coshkp sin kp
by =sinn kp sin kp, by =cosh kp sin kp -} sish kp cos kp
ay =~ 98 (p> —1), by =~ 3x74, ay’ =~ bvn

by =~ Bvn 8 (3p2— 3+ Yov—2/W), as ~18x™"p
by~ 18x7% (6 — p% - 1 — 1/pv), ay =~ 18x p[2(2 — v) (3 — p?)-+17— 8v]
by =~ 36 (2 —v) x %, c1 = 3/16v (1 + v) (3p% — v) (Riq, / K3E)
Co = Ya (L +V) (Yo —v2) (Riqy [ I8E), 5= %Jgv (L + ) p (Rig, | 'E)

From (3.15), assuming k™! << p << k and neglecting quantities of the
order of h/R as compared to unity, we obtain

. 3 g, R4 L 2\ .,—¢ SinhXD COS %P —cosh®p SiN *p
A, = 4 Eha( Fv) (t =) x sinh 2%p | sin 2x%p

3 g —geosh®p 8in %0 ~FsinhXp COS ®p
B, = % Lo?hd (1+v) (1 =2 sinh 2%0 - sin 2xp (3'16)

d 1 g0 R
A2 16(]1271." (1+V) B2_—_'§'E3 2(1+V)<1———‘V ‘V2>

*

The indicated coefficients in 4,, B, were obtained with the aid of
such approximate equalities as

as =’/%7<:‘2 [2k1kosinhk1p sin kop — (k12 — ko®)coshkyp coS kop] = 9%~8 (p2—1)
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Let us note concurrently the following. On the basis of (3.13), (3.16)
D, = Ageosnley § cosky & cos 29 =~ 11b B Yy (1 4 v)cos 2¢

Consequently, the main part of the function ®j + @, which is equal to

R4 LR
(1 +v) hQZ"(g — ?‘} cos 2¢

differs from the main part of the function ® defined by Formula (3.7).
Thus it is established that the change in the coefficients of some oper-
ators Aj ¢ by the quantity O(B) (which corresponds to the passage from
(2.5) to (3.1)) can substantially alter the solving function ®, corre-
sponding to the full solution of the boundary-value problem. Utilizing

(3.16) and neglecting quantities of the order of h/R as compared to
unity, we find

R 9 /o 5 20 -1 L
1y = — 3y (1 — 1) Bl 3[(1 — V) fo (8) A+ (B2 3 v — —) 57t |03 29
Ho® = (1 —w* )q}‘ff wshv& Eros—= V Esin2p=~v (lv—\z?) £h3 " sin 20 (3.47)
.
u =2v{l —w ){72}3%& Ecos}—s« Eeos 2= 2v(l — )q}’?m cos 2¢

(nlo, u2°, u3° are displacements corresponding to <D0)

(R

1 = GoB (2 (1 —¥2) [1 - 27, (8)] + v (v — 3EY)) cos 2
Ty = qo R Yoy — 2(1 — %) ¥/, (E)] cos 2¢
T 2 T = o 14 (1 — v9) ], () + 3vE] sin 2¢ (3.18)
Ny = —2(1 —v%) g, Rnf, (E) cos 2¢
No® = — 2q,R[(1 — V%) /1 (E) -+ '/ V] sin 2¢
My = g B2 [(1 ~ ) £, (8) + ’/ V) cos 2
My == g B2V (1 — V) f{ (E) -+ /o] cos 29
M=M= 21—v(1— x?) g, %1 (E)sin2¢

Here
J11E) = [{sinb%f 08 Hp — cosh®p SiN ®P) sinh®E 8N *E — (coshrep sin 1p -
- sinh %0 08 ®Kp)eoshnE €08 %E] (inn 2 ®p - sin 2 xp)7?
f2(E) = [(sinh ®p COS %P —ecosh ®p sin xp)eosh xE €08 KE — EoshHp SiD Kp -+
-} sinh %P €OS ®p)sinh % sin #E] (o 2%p -+ sin 2up)*
J5(8) = (oshxp sint XpsionE cOS #HE —
— sioh U D €OS ®pcoshHE sin #E) (sion2xp + sin 2up) i

Fa (&) = bosh np SIN Hpeosh KE SIN KT —Fsinh Up €08 RPsinkKE cOSHE) finb2xp -} sin 2up)~?
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Taking into account the limitation k™! << p << « and keeping in mind
that |£| < p, it is easy to obtain the following evaluations:

1A@E<3, O3, 1HEI<LS, /@) <15

The quantities ulo and T1° are therefore negligibly small as compared
to ul1 and Tl1 which correspond to the solution ®;. Consequently

(3.19)
R4 o R . 2 S
up="6(1—v)33 gf’ Eeos2q, uy=6(1—V)53 }g" (\g2 —1— §V> sin 2¢
ug = 12 (1 —v?) Tt (e2—1 — g vjcos2g, Ty =6(1—+?) Ko cos 2

will correspond to the solution ®j + @,.

Also, from (3.18) and (3.12) it follows that the state of stress cor-
responding to the solution @) + ®, is practically determined by the
force T;.

Thus, based on the relations of elasticity (3.1), the cylindrical
shell, subjected to the pressure (3.6) with the boundary conditions
(3.10), obtains practically the same state of stress as that based on
the relation (2.5). Likewise, the same displacement u; is obtained, but
the displacements u,, u,, which are of the same order as u;, are differ-
ent. For p <2 (I <2y2 R) v = 0.3, the difference in the maximum
absolute values of u; (i.e. |uy| when £ = 0) is 5 per cent, as can be
seen from Formulas (3.8), (3.9). Although this discrepancy is not large,
it is important that it does not depend on h/R in this regard it is
significant. It is understood that the indicated discrepancy is not con-
nected with the displacement of the shell as a rigid body, since such a
displacement is defined by the quantities u;, u,, u; of the form

uy =a-+a cosg + a”sin g, Up="b+ (' +a'&)sing -+ (b" —a"g)cosq
ug=(b'4+a'E)cosp— (V" —a"E)sing

(a, a’, a”% b, b’, b™are arbitrary constants). The fact that the differ-
ence between the two derived values of displacements u,, u; (see (3.8),
(3.19)) is proportional to v is due to the fact that the difference be-
tween the corresponding coefficients in Equations (3.4), (3.5) is also
proportional to v (see (2.4), (3.3)).

Analogous results are obtained if instead of (3.1) one utilizes the
relations of elasticity which differ from (2.5) only by the formula
T, = LER/(1-v2)] (¢; + vey_ ;) or the formula #; = — [ER3/12(1 ~ »2)] x
(k; + v&y_ ;). As far as the simplification of Formula (2.5) for T, by
means of eliminating one of the quantities X;€; or hx;is concerned, in
the general case it is without foundation: these quantities, generally
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speaking, are of the same order of magnitude.*

4. The example presented is not unique. Similar examples occur for
any loading of the type g = Q(£) cos n¢, where n= 2, 3, ..., and (&)
a polynomial of second or third power. Then Equations (3.4), (3.5) have
particular solutions (of the same form as ¢) for which the temm with the
large factor 8! vanishes in Expressions (2.4), (3.3), while the terms
which distinguish Expressions (2.4), (3.3) from one another are not
negligibly small as compared to the other terms in these expressions if
n is relatively small. Such solutions, apparently, differ substantially
{in the above-indicated sense} from one another (with the increase in n
the difference decreases, therefore n = 2 in the case considered). The
presence of these particular solutions of Equations (3.4), (3.5) for
certain boundary conditions leads to significantly different functions O,
which causes a substantial difference in the corresponding displacements.

In these examples the differences in maximum stresses became negligibly
small (relative difference is of the order of O(h/R)). Examples of a
different kind can be given when the elasticity relations (2.5), (3.1)
formally lead to substantially different maximum stresses. This differ-
ence occurs not because of the differences in the solving function, but
for another reason. The reason is that for certain discontinuous load-
ings, in the formulas defining the internal force factors by means of the
solving function, the terms possessing a singularity depend on the choice
of the elasticity relations, particularly the relations for bending
moments.

Let us turn to the case when a tangential force Q; (in the axial
direction) or Q, (in the circumferential direction), uniformly distributed
on a rectangular element o, acts on a cylindrical shell surface. The
element o is bounded by two segments of generators with the length 2a=
2Ra and two arcs of lengths 2b = 2RB. In this case, of all internal
force factors, only N, = AE(I) is unbounded (for Q, acting) or N, = Ni‘z)
(for Q, acting). They are unbounded in the neighborhood of the corner
points {with the coordinates £ = + a, ¢ = + 3) of the loaded element o,
and to them correspond the maximum stresses (this does not contradict
the Kirchhoff-Love hypothesis in the above-presented formulation). On
the basis of the elasticity relations coinciding in regard to T;, M; with
(3.1), the following asymptotic formulas were obtained in [5 ] for N,
and Nl(z):

* One should note that for the cylindrical shell the discarding of
X;€ ; in Formula (2.5) for T; does not alter Equation (2.3).
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<1) 1+v th @) ~ —VvhQ
N =+ Inp Ny ~+192n “Rs

pP= (1) + (9B

Here s = 4ab is the surface of the element o, while h i1s the thick-
ness of the shell which in [5 1] is denoted by 2h. In utilizing the
elasticity relations (2.5) one obtains other, more harmonious formulas

14-v h? 1—wvk
N = R e, Ny~ L B g,

They differ from the preceding* ones by 33.3 per cent and 58.2 per
cent respectively, independently of the value of h/R.

In this case, one can justify the simplified relations (3.1) only on
practical grounds, pointing out the following circumstances. If a and b
are commensurate with R, then the N2(1) and N2(2) forces determined from
the asymptotic formulas are, respectively, smaller (in magnitude) than

(r*/ B2 (Qr/ R) [ Inp| u (h*/ R*)(Q,/R)|1Inp|

while the forces T, (1) and T, (2) " roughly speaking, are characterized by
the quantities QI/B and Qz/R Therefore, the forces N'(l) and N, (2) can
exceed T, (1) and T, (2) | respectively, only at points wh1ch are extremely
near the corners, at a distance of r = Rp < h(R/h) exp (-R%/h?) << h.

* FPFrom the elasticity relations used in [ 5], the forces Nz(l) and N1(2)
are expressed by means of the solving function with the aid of the
operators containing, respectively, the following combinations of
eighth-order derivatives (from the various derivatives entering into
these operators only the eighth derivatives possess singularities):

a8 a8 o8 a8
(1-+V)W+(1+V)W. 25879 T3 — V)d§5d¢3+(1 V) 5390

Instead of these expressions one obtains the following ones by
using the relations (2.5):
a8 08
(2 + 'V) 6§78q) + 3+ 2v) 6§56q)9 + v 983945~ OE I

a8 08 08
2730 6§76(p +@—v) FE5a® 2v dEsags (A F V)3 557 ot 09"
This then leads to the indicated difference in the asymptotic formulas.
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In practice, however, instead of having corner points, the boundary of
the o-element will be rounded with radii which are larger than the given
values of r. Also larger than these values of r will be the width of a
zone adjacent to the boundary of o where the actual loading will be
attenuated. Consequently, in this case, the existence of points at which
AQ(I) and Ag(z) are primary is unrealistic., If, however, a and b are
sufficiently small, then the element o can be considered practically as
an oval-shaped region with a varying radius r = Rp, and it may be assumed
that the largest value of the forces 73(1), AE(I) (7}(2), Ni(z)) will
approximately equal the values of these forces on the boundary of the o-
element, due to the action of the force Q;(Q,) located at the center of
o. They can be found from the asymptotic formulas derived in [ 5, pp. 169,
170 1, from which it follows that Né(l)(lez)) can be larger than Tl(l}
(75(2)) only for r << h, which is also unrealistic.

Nevertheless, in the theoretical sense, one cannot neglect to con-
sider the difference in the derived asymptotic formulas.

5. In connection with the question considered, one should mention
[61. In 1t, basically, the following conclusion was drawn: based on the
Kirchhoff-Love hypothesis, the elasticity relations should be assumed in
the simplest form, i.e., they should be expressed as for the plate. This
conclusion is based on the fact that the hypotheses, more general than
the Kirchhoff-Love hypothesis, lead to the formula for M, in particular,
which differs from the corresponding formula (2.5) by three additional
terms, one or maybe two of which (the evaluation of the second term in
[6 ] is not sufficiently substantiated) are of the same order of magni-
tude as the term e, in the referred formula (2.5). Strictly speaking,
nothing yet follows from this, since the algebraic sum can be a quantity
of higher order of smallness than the individual terms. Also, even if
the sum of the three indicated additional terms is a quantity of the
same order as the first one of them, it is not impossible that under
even more general hypotheses or by using the equations of the theory of
elasticity, the correction to Formula (2.5) for M, (at least for a
particular class of problems) will be a quantity of higher order of
smallness than the ¢ |-term in this formula. Finally, the various correc-
tions in the elasticity relations, being of the same order of magnitude,
can affect the solution by different amounts (see footnote on p.786).
Therefore, there is no sufficient basis for asserting that the error in-
troduced by the Kirchhoff-Love hypothesis is a quantity of the same
order of magnitude as the corrections obtained by means of improvement
in the simplest relations of elasticity, even if only the relations for
T; and M; are considered. As far as such corrections are concerned, they
can be substantial, as has been established. Note, by the way, that the
effects developed here from the simplification of Formulas (2.5) for
T;, M; are also obtained by simplification of Formulas (2.5) for
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T.

i,3- 1

M

i,3— 1"

Thus the consideration presented in [1 ], the results of [2] and the
investigation carried out in the present paper lead to the following
conclusion: if, in addition to the error of the Kirchhoff-Love hypothesis,
one admits only an error of the order of h/R, then, in the general case
(for an arbitrary shell and loading), it is unlawful to replace the rela-
tions of elasticity (1.12) by simpler formulas than (2.5).

6. In conclusion, we note a curious fact, in view of which the
utilized example of the cylindrical shell, subjected to the pressure
(3.6) and with boundary conditions (3.10), becomes of independent
interest,

Let us set g, h2/R2 in Equation (3.6), where g =1 kg/cm?. Assum-
ing{<p<y (B/h) we find that for sufficiently small /R the quantlty
max | g} is arbitrarily small. But, meanwhile, there will be acting in the
shell a rigorously constant (non-attenuated) along the length, axial
force T;, self-equilibrated at each end of the shell, and equal to 6 Rq,
cos 2¢ accord1ng to Formula (3.9) (this quantity remains constant as
max | g| decreases with a decrease in h/R). The stress corresponding to
this force, o, = 6RK™ 1q cos 2¢ will be arbitrarily large inasmuch as
h/R is regarded suff1c1ently small. For example, for p = 3, (1 = 6R) and
h/R = 1/400 we will have max | q| = 0.000376 kg/cm?, i.e. the pressure is
practically absent. But due to this negligible pressure, the force T,

6 Rq, cos 2¢), which is self-equilibrated at each end of the shell, remains
rlgorously constant along the whole length of the shell, whereby max
fo,| = 2400 kg/cm®. Should the pressure g be rigorously equal to zero,
then on the strength of the Saint-Venant principle, the end-equilibrated
force T; # 0 could not remain constant along the length of the shell.
The example presented is qualitatively different from the known case
when the surface loading is rigorously equal to zero, while the self-
equilibrated load T, at each end of the shell remains constant only
practically along the length of the shell because of quite slow attenu-
ation (such a case can be realized if one should take for ® Expression
(3.13) with A} = B; = 4, = 0 and assume static boundary conditions which
are sat1sf1ed for the glven choice of @),
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